In quantum information processing with noisy intermediate scalable quantum (NISQ) devices, all of the stages through preparation, manipulation, and measurement of qubits contain various types of noise that are generally hard to be verified in practice. In this work, we consider the stage of measurement readout in quantum algorithms and present a classical-quantum hybrid method of mitigating measurement errors. We present a model of a quantum measurement and devise a scheme of error mitigation. The scheme is composed of quantum pre-processing with single-qubit gates only before a detection event and classical post-processing with outcomes of a measurement. We show that the scheme can be used to improve the statistics of measurement outcomes in quantum algorithms, such as the Bernstein-Vazirani algorithm based on oracle queries and also a quantum amplitude estimation algorithm that includes both the quantum amplitude amplification and the quantum Fourier transform. We apply the proposed scheme to mitigate measurement errors when the algorithms are realized in IBMQ yorktown and IBMQ essex. In both cases, the enhancement is shown in the statistics of the measurement outcomes. Our scheme can be used as a general method to improve measurement readout with NISQ devices.
INTRODUCTION
The state of the art quantum technologies can be represented by noisy intermediate scalable quantum (NISQ) devices, by which multiple qubits can be prepared, connected, controlled, extended, and also networked but, all of them are essentially contain noise. Quantum algorithms having advantages over their classical counterparts, such as quantum period-finding [1] , [2] , quantum search [3] , quantum factoring [1] , and quantum oracle algorithms [4] , [5] , [6] , etc., can be realized by the building blocks, quantum Fourier transform (QFT) [7] and quantum amplitude amplification (QAA) [3] , [8] . To this end, it is crucial to apply coherent quantum operations on multiple qubits as the building blocks are constructed by entangling gates on multiple qubits sequentially. When the algorithms are realized with NISQ devices, noise that essentially appears in all of the stages from preparation to measurement readout are not controlled and thus accumulated. Consequently, no quantum advantage may be achieved.
Then, one of the key problems is to find how useful the NISQ devices are, possibly, for practical purposes [9] . Namely, it is sought to have quantum advantages beyond the limitations of today's technologies even though the devices do not ideally work as expected as true quantum devices, e.g., [10] , [11] . Recently, quantum algorithms that are better fitted with NISQ devices have been devised. For instance, variational quantum eigensolvers [12] and quantum approximate optimization algorithms [13] have been proposed, which are designed in such a way that errors during quantum gates are not accumulated. Note that with NISQ devices, quantum error correction which preserves the purity of quantum states through all the process is lacking [14] .
In the other way around, there have been attempts to scrutinize NISQ devices applied to performing quantum algorithms. For instance, in the case of IBM Q devices it is found that single-qubit gates are with relatively high precisions with an error rate about 0.1% while two-qubit gates and measurement readout are comparable with errors about 2-10% [15] . The possibility of crosstalk in multiple detectors in measurement readout has been pointed out [16] . While observing the numbers, one can naturally suggest that single-qubit gates may be used mitigate errors in NISQ devices as their performance is significantly finer than the others. Along the line, there has been extensive effort to develop methods of error mitigation in NISQ information processing, see e.g., [17] , [18] , [19] , [20] , [21] .
In this work, we present a quantum-classical hybrid method of mitigating errors in measurement readout. The method consists of quantum pre-processing with singlequbit gates only, which are applied right before a detection event, and classical post-processing, which is performed with measurement outcomes. The quantum pre-processing corresponds to the channel-twirl with few single-qubit gates by which the type of errors that are dealt in the classical post-processing can be fixed as those originated from a depolarization map. The scheme of measurement error mitigation is applied to the Bernstein-Vazirani (BV) algorithm based on oracle queries, and the quantum amplitude estimation (QAE) algorithm that contains both QFT and QAA. It is shown that the statistics of measurement outcomes in the algorithms can be enhanced by the proposed scheme. With IBM Q devices that realize 3-qubit BV and QAE algorithms, it is also shown that measurement readout can be improved. The proposed scheme may be useful in the microarchitecture of NISQ information processing.
The paper is structured as follows. In Sec. 2, we explore a model of measurement readout and devise the method of mitigating measurement errors. The assumptions under which the method is effective are addressed. In Sec. 3, the scheme is applied to the BV and QAE algorithms. It is demonstrated with a Qiskit simulator that the statistics of measurement outcomes can be enhanced by the proposed scheme. In Sec. 4, the scheme is patched on measurement readout in IBM quantum devices, IBM yorktown for the QAE algorithm and IBM essex for the BV algorithm. The results that show enhancement in the statistics of measurement outcomes is shown. In Sec. 5, we discuss future directions and conclude the results.
PROPOSAL
Let us begin with the notations and terminologies to be used throughout. Quantum states are generally described by unit-trace and non-negative operators, denoted by ρ, on a Hilbert space H. The set of quantum states is denoted by
where B(H) denotes a set of bound linear operators. Qubit states are characterized in a two-dimensional Hilbert space, H 2 = span{|0 , |1 }. Note that in a quantum algorithm an initial state is prepared in |0 ⊗n . A measurement is performed in the computational basis,
which is a complete measurement, i.e., M 0 + M 1 = I. The postulate of quantum theory states that when a system is prepared in a state ρ y , a measurement outcome x is obtained with with a probability P[x|y] = tr[M x ρ y ]. Note that a general measurement is described by positive-operator-valuedmeasures (POVMs), {M i ≥ 0} such that i M i = I. A quantum dynamics corresponds to a unitary transformation of quantum states, ρ → U ρU † where U † U = U U † = I. The operator basis for qubit states is given by the set of Pauli matrices, I, X = 0 1 1 0 , Y = 0 −i i 0 , and Z = 1 0 0 −1 .
Quantum gates that process dynamics of qubit states are described by unitary transformations. A single-qubit rotation in a Bloch sphere can be described by a unitary transformation in the following,
where σ = (X, Y, Z), meaning a counterclockwise rotation by the angle θ about the axisn. For instance, R y (θ) = cos(θ/2) − sin(θ/2) sin(θ/2) cos(θ/2)
shows a counterclockwise rotation on the x-z plane by θ about the y-axis.
For two-qubit states, a controlled-U gate denoted by C(U ) with a single-qubit gate U is written as
where c denotes a control qubit and t target qubit. The controlled-NOT (CNOT) gate can be written as, U CNOT = C(X) with the Pauli matrix X. Then, a quantum algorithm can be efficiently composed by a sequence of single-and two-qubit gates only in general [22] .
Quantum circuits that realize quantum algorithms contain both system and ancilla qubits. While the overall dynamics of both system and ancilla qubits is described by a unitary transformation, the reduced dynamics to system ones can be characterized by a positive, completely positive, and trace-preserving map, called a quantum channel, Λ : ρ → Λ[ρ], i.e. id k ⊗ Λ ≥ 0 for all k ≥ 1 with id k an identity map over a k-dimensional Hilbert space and tr [ 
shown. An ancilla qubit is prepared in a state |0 and the operation Ry(θ) is in Eq. (2) . Note that the parameters are related as p = sin 2 (θ/2). The Hadamard gate is denoted by H. A channel Λ X is constructed by components (1) and (3), Λ Y with (1), (2), (3), (4), and (5) and Λ Z with (1), (2), (3), and (4) . For instance,
The circuit is exploited to implement noise in a measurement, see Figs. 3 and 4.
Measurement readout
Let U circuit denote a unitary transformation designed to execute a quantum algorithm. The resulting state right before a measurement can be written as,
where A collects all of the ancilla qubits. For n system qubits, a POVM element that gives rise an outcome x = x 1 · · · x n can be written as
which takes place with probability tr[M x |ϕ 1···n,A ϕ|]. The description of a quantum measurement is consistent to detection events in a realistic scenario, e.g. quantum experiments. Then, suppose that errors appear in a measurement or observed in the statistics of measurement outcomes. It is, however, not clear how to find the source of errors since a measurement is from interactions of a state and a detector, i.e., a POVM element. A state before a detector may contain noise in advance, or a detector itself is noisy. In what follows, we present a framework that makes distinction between two sources of noise, either a state or a detector. We then find the operational meaning of a measurement in quantum algorithms as optimal state discrimination. Collecting the results, we propose a scheme of error mitigation.
Modeling noise in a detection event When a measurement is performed on the k-th qubit in Eq.
(3), the probability of obtaining a measurement outcome x k is given as follows,
where ρ (k) = trk|ϕ 1···n,A ϕ| and trk denotes the partial trace all qubits but the k-th one. By noise in a detection event, the probability in the above may be corrupted. Two sources of noise can be identified in a detection event. On the one hand, a state right before a measurement may contain noise. This can be described by a noisy channel Λ : ρ → Λ[ρ]. On the other hand, a detector per se may not work as desired, which can also be described by a tracepreserving and completely positive map N on a POVM element,
The probability is then given by,
which may show some undesired statistics of measurement outcomes. Note that one can exploit dual maps N † and Λ † such that the probability in Eq. (4) can be rewritten equivalently as
for all POVM elements M x k and states ρ (k) . This also shows that noise in a measurement can be equivalently described by either of the cases: as it is found in the l.h.s. in Eq. (5), a state is noisy right before a detector while the detector is almost clean, or in the r.h.s. in Eq. (5), a detector itself is noisy while a state before the detector does not contain noise. All of the cases in Eqs. (4) and (5) show the same statistics of measurement outcomes. The description can be illustrated with a unitary noise as follows. Suppose that a detector contains the type of noise that flips a measurement outcome, M x k → XM x k X with a Pauli matrix X. Or, a state suffers the same type of noise ρ (k) → Xρ (k) X while a detector remains noiseless as M x k . The probabilities are given as follows, respectively,
Finally, both a state and a detector suffer noise,
in which a detection event appears with a probability in the following
All of the probabilities in Eqs (6) and (7) in the above are identical. Given the statistics of measurement outcomes only, it is not possible to analyze the source of noise that have appeared in a measurement.
Mapping to state discrimination
We here provide an operational interpretation of a measurement in a quantum algorithm. It is supposed a complete measurement is performed, throughout. That is, no additional POVM element apart from the two-outcome POVM in Eq. (1) exists in the description of a detection event.
• Assumption 1. A two-outcome measurement on each of the single qubits in a quantum algorithm is complete.
We begin with the Deutsch algorithm as an example [5] . Recall that the Deutsch problem is to determine if a function f : {0, 1} → {0, 1} is constant (f (0) = f (1)) or balanced (f (0) = f (1)). Suppose that the a priori probabilities are given by 1/2 for each. The Deutsch algorithm is constructed such that an input state |0 |A is transformed to a resulting state |f (0) + f (1) |A by a single use of the quantum realization of the function U f : |x |y → |x |y ⊕ f (x) .
1) Preparation
|0 |1 A , where A denotes an ancilla qubit 2) Unitary transformations :
Let U Deutsch denote the overall circuit of the Deutsch algorithm, where calls U f only once. One can find that the dynamics works as the transformation in the following,
where f (0) + f (1) is either 0 or 1. A measurement in the computational basis is designed for the optimal detection of the solution bits, which is achieved by optimal quantum state discrimination [23] , [24] , [25] , [26] , [27] , [28] , [29] , [30] , [31] , [33] . Note that the illustration can be straightforwardly extended to the Deutsch-Jozsa algorithm [32] .
A measurement in a quantum algorithm, i.e., individual measurement in the computation basis on single qubits, can be interpreted as an optimal detection of a desired outcome that give rise to a solution in an algorithm. This is achieved by optimal discrimination of qubit states in each register, for the resulting states after a quantum circuit, see also the example of the Deutsch algorithm in the above. In other words, a quantum algorithm should be designed such that individual measurements on single qubits in the computational basis fulfills the task.
This can be formalized as follows. From Eq. (3), the k-th qubit state ρ (k) y = trk|ϕ y 1,··· ,n,A ϕ y |. Note that the label {y} has been written to indicate a set of possible states according to a designed quantum algorithm. Note also that the a priori probabilities denoted by {q y } for those states {ρ (k) y } are provided by a designed quantum algorithm. This defines the problem of optimal state discrimination in the ensemble {q y , ρ (k) y }. Then, a measurement in the computational basis performs optimal discrimination. Note that it is a two-outcome measurement. 
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Mitigation of noise on quantum detectors
So far, we have described the sources of noise in measurement readout, and also signified that a measurement in the computational basis performs two-outcome optimal state discrimination for single-qubit states. Having the characterizations on noise and a measurement, we now proceed to devising the scheme of error mitigation in measurement readout.
The strategy is to depolarize noise on states in order to preserve the optimality of the computational-basis measurement and also, by fixing the type of noise as depolarization, ultimately to perform the classical post-processing efficiently. To clarify the effectiveness of the strategy, in noise model in Eq. (4), we assume that N ≈ id. That is, we restrict to the case that the measurement errors are mostly due to noise on a state right before a detector whereas a detector itself works almost as desired.
• Assumption 2. Errors in measurement readout are dominated by noise existing in individual qubits right before a detector that works almost as desired.
In addition, we also assume that the effect of crosstalk in a measurement of multiple qubits is much smaller than noise on individual states. That is, measurement errors are dominated by noise on individual states. Or, the effect of crosstalk in multiple detectors is ignored at the time that we devise the error mitigation scheme, which might also work later even in the presence of such an effect.
Then, from Assumption 2, let us consider an ensemble of single-qubit states {q y , Λ[ρ (k) y ]} right before a detector where the channel Λ is unknown. This means that, due to the unknown channel, a measurement prepared in the computational basis does not perform optimal discrimination. An optimal POVM should be updated according to the ensemble {q y , Λ[ρ (k) y ]}. However, this is not feasible in practice, since the update requires channel tomography for individual qubits and moreover the type of noise may vary in time in a realistic scenario.
It turns out that a one-parameter depolarization map in the following,
preserves an optimal two-outcome measurement in quantum state discrimination [34] , [35] . As soon as a depolarization map is found as noise on states, a measurement in the computational basis perform optimal state discrimination. It has been known that the channel-twirl can transform a unknown channel Λ to a depolarization map:
where the average is performed over the Haar measure, the uniform measure in the space of unitary operators, and η Λ is determined by a channel Λ. It is worth to emphasize that the channel-twirl can be implemented by local operations and classical communication only, where ancillary systems are not needed. In practice, a few number of unitary transformations can be applied in the channel-twirl [34] , [36] , [37] . The quantum pre-processing is the step to apply a singlequbit channel-twirl right before a detection event.
The advantages of performing the channel-twirl before a detection event are twofold. First of all, as it is shown with Assumption 2, a measurement in the computational basis remains as an optimal one. It has also been demonstrated that optimal discrimination can be enhanced by preserving an optimal measurement [34] . Next, the channel-twirl fixes the type of noise appearing on states and then consequently in detection events. It is straightforward to deduce the relation between probability distributions for measurement readout of the k-th qubit,
The only unknown parameter in the above is η Λ that can be determined by a unknown channel Λ. With an estimate to the parameter, it is possible to correct the statistics of measurement outcomes. The classical post-processing then
Quantum pre-processing for individual qubits We also make a further assumption on noise on qubit states, that the noisy channel is well approximated by a Pauli channel as follows,
with p i ≥ 0 and i p i = 1 where i = 0, x, y, z. A good approximation means that we have Λ − Λ 0 cb < for sufficiently small > 0, where · cb denotes the norm of complete boundness [38] , [39] . The probability of distinguishing two channels Λ and Λ 0 is sufficiently small.
• Assumption 4. Noise on individual qubits is well approximated by a Pauli channel.
Then, for Pauli channels for qubit states, the channel-twirl can be performed by three unitaries as follows,
where U = I,
Note that the set of three unitaries is not unique, and more collections can be found in Ref. [34] , [35] . Note also the relation that η Λ = (p x + p y + p z )/4, which is yet unknown since a noisy channel Λ is not identified. The quantum preprocessing aims to transform a unknown noisy channel to a depolarization map.
Quantum pre-processing for multiple qubits In a quantum algorithm, measurement readout is performed on multiple qubits. Noise on those qubits right before a measurement is generally described by an n-qubit map on a large-size Hilbert space H ⊗n . The channel-twirl involves a number of unitary transformations over n qubits in order to depolarize an n-qubit map. From Assumption 3 that specifies no effect of crosstalk in multiple detectors, measurements on individual qubits are independent. If the goal is to preserve the optimality of the computational-basis measurement, it suffices to depolarize individual qubits only but not an n-qubit map. This leads to a huge simplification in the number of unitary transformations in the quantum preprocessing.
We introduce a collective channel-twirl with three unitary transformation in Eq. (12) for an n-qubit map Λ (n) 0 as follows,
for a multipartite qubit states ρ 1···n ∈ S(H ⊗ · · · ⊗ H).
Although the resulting map M (n) is not a depolarization map in general, its reduction to a single qubit corresponds to a depolarization map,
Thus, it is shown that the collective channel-twirl perform channel twirling an individual channel. In doing so, a measurement in the computational basis for individual qubits remains optimal. We summarize that the collective channeltwirling in Eq. (13) can be used to preserve an optimal measurement on individual qubits.
Classical post-processing
By fixing the type of noise on qubit states as depolarization, we recall the relation of probabilities in Eq. (10). For convenience, for the k-th qubit let
The reciprocal relation is obtained as follows,
Note that for α < 0 we have
. Given an estimated value η Λ , it is possible to update the statistics of measurement outcomes from
The scheme of classical post-processing has also been proposed with quantum detector tomography [20] , up to the uncertainty in the type of noise.
Summary
The proposed method of mitigating measurement errors is devised under the aforementioned assumptions. When applying it to quantum algorithms, the steps are summarized as follows.
1) Quantum pre-processing: after a circuit and before a measurement, the collective channel-twirl is applied with a set of three single-qubit unitaries, see Eq. (13). 2) Classical post-processing: after detection events, the statistics of measurement outcomes is updated according to η Λ , see Eq. (14) In practical applications, the value η Λ can be found by detector tomography. For NISQ devices such as IBM quantum devices, the specifications are often reported, e.g. 2-10%.
NUMERICAL SIMULATION
In this section, we apply the proposed method of error mitigation to quantum algorithms and demonstrate their performances under the condition that the addressed four assumptions are fulfilled. The BV and QAE algorithms are particularly considered. The BV algorithm is based on oracle queries and has applications in Learning Parities with Noise [40] . The QAE algorithm contains the building blocks common to other ones, such as QAA and QFT that are key elements in quantum search, quantum period-finding, and quantum factoring. Although the QAE algorithm can be simplified [41] , [42] , we here consider the original algorithm that contains the building blocks: it is more useful to find if the proposed scheme may work, or not. Moreover, recently it is found that the QAE algorithm can be applied to quantum finance problems [43] . The numerical simulation is performed under the aforementioned four assumptions. From Assumption 1, a measurement on single qubits is complete. From Assumption 2 and Assumption 3, POVMs describing detectors are noiseless whereas qubit states right before detection events contain noise. From Assumption 4, noise on qubit states is described by Pauli channels. Then, the quantum pre-and the classical post-processings are applied.
The simulation is performed in a Qiskit simulator. In the Qiskit package, single-qubit operations are programmed in the following forms,
and U 3 (θ, φ, λ) = cos(θ/2) −e iλ sin(θ/2) e iφ sin(θ/2) e iλ+iφ cos(θ/2) .
For instance, the Hadamard transform can be realized by H = U 2 (0, π) and the rotation in Eq. (2) can be found as R y (θ) = U 3 (θ, 0, 0). With the gates, the circuits for the BV and the QAE algorithms are shown in Figs. 3 and 4. The first two registers are for ancilla qubits that implement noisy channels on two Fig. 3 . A quantum circuit of the BV algorithm that finds the solution is s = 10010001 is shown. In the circuit, the first two qubits are ancillar qubits to be used to introduce noise in the 5th and 8th system qubits, see Fig. 1 . Three CNOT gates in the 1-st, the 5-th, and the 8-th registers implement the quantum oracle in Eq. (16) . Two boxes characterized by quantum channels Λ 5 and Λ 8 introduce noise on the 5-th and the 8-th qubits, respectively. The maps introduce noise in detection events in the 5-th and 8-th qubits. The quantum pre-processing applies the channel-twirl in Eq. (12) before and after a noisy channel. The gray box after a measurement denotes the classical post-processing. The BV algorithm is ideal when neither Λ 5 nor Λ 8 is applied. (A) The statistics of measurement outcomes is shown when detection events in the 5-th register contain noise, i.e., with Λ 5 only. If no noise exists in the BV algorithm, it is with the unit the probability to obtain the bit-string s = 10010001 (blue). When noise exists in the 5-th detector, i.e., with Λ 5 , the probability drops to 0.7 (red). With the quantum pre-processing, the probability increases to 0.8 (violet). Together with the classical post-processing, the probability increases up to 0.84 (orange). (B) The statistics of measurement outcomes are shown when detection events in the 5-and 8-qubits both contain noise. The probability of obtaining the bit-string s = 10010001 in a measurement drops to 0.49 by noise on two detectors, and increases to 0.66 by the channel-twirl and then up to 0.72 together with the classical post-processing. systems qubits right. The noisy channels are realized as it is shown in Fig. 1 . The circuits are then with 8 system qubits. The results of a proof-of-principle demonstration are also shown in Figs. 3 and 4. For both BV and QAE algorithms, it is demonstrated that the statistics of measurement outcomes is enhanced by the proposed method.
The results of numerical simulation show that when the assumptions are valid, the proposed scheme of error mitigation can efficiently work to enhance the statistics of measurement outcomes. We remark that the results also demonstrate the usefulness of the collective channel-twirl in Eq. (13) . This is closely related to Assumption 3 that the effect of crosstalk is much smaller compared to noise on individual qubits. One can also consider the channeltwirl on individual qubits an incoherent manner, in which it is found that an improvement is not presented even if a depolarization channel on individual qubits has been obtained. In the following, let us briefly summarize the BV and the QAE algorithms.
The Berstein-Vazirani algorithm
Let us considers a function f : {0, 1} n → {0, 1} that works as follows,
and for some s ∈ {0, 1} n . The BV problem is then to find the bit-string s. In the BV algorithm to solve the problem, a unitary transformation in the following is implemented as a quantum realization of the map in Eq. (15),
where ⊕ denotes bit-wise addition. The BV algorithm has shown that a single application of the unitary transformation U f can find the string s. The steps are summarized as follows.
1) Preparation |0 ⊗n |1 A , where A denotes an ancilla qubit 2) Unitary transformations : i) H ⊗n ⊗ H : Fig. 4 . The dynamics in the QAE algorithm is composed of three steps, i) QFT, ii) QAA, and iii) inverse QFT. Note that an ancilla qubit is prepared as A|0 = √ 1 − p|0 + √ p|1 . In the simulation with 8 qubits, we have put p = 0.3, and then the QAE algorithm aims to estimate the value p from measurement outcomes. In (C) and (D), the maximum peaks are centered atp = 0.2974. The quantum pre-processing is applied before a measurement, after which the classical post-processing is performed with measurement outcomes. (A) The QAA algorithm is structured by a series of Q k for k = 2 j−1 where j = 1, · · · , n. Recall that θ 0 = 2 sin −1 ( √ p), see also Eq. (18), from which we have θ 0 ≈ 1.1593. It also holds that A = Ry(θ 0 ) and Q = Ry(2θ 0 ). The gate Q k can be implemented by two rotations, Ry(kθ) and its inverse R † y (kθ), with two CNOT gates. (B) It is supposed that qubits in the first or both the first and the second registers suffer noise Λ Y [·] = 0.7id(·) + 0.3Y (·)Y , see Fig. 1 . In the quantum pre-processing, the channel-twirl is performed with three unitaries, see Eq. (12) . (C) The peaks are centered atp = 0.2974 close to p = 0.3. In the ideal case (blue), the probability of havingp = 0.2974 is 0.829. By a probabilistic Y -noise in the first qubit, described by Λ 1 , the probability gets down to 0.605 (red). By the quantum pre-processing only, it increases up to 0.678 (violet). Finally, classical post-processing makes it up to 0.701 (orange) with η = 0.1. (D) When the first and both detectors are noisy by Λ 1 and Λ 2 , the collective channel-twirl is applied as the quantum pre-processing, and then the classical post-processing are applied collectively on the both registers. It is shown that mitigation of noise in detectors can enhance the statistics of measurement outcomes.
The measurement corresponds to the map from the resulting state to the solution, | s → s. A quantum circuit for the BV algorithm with 8 qubits is shown in Fig. 3 
Quantum amplitude estimation algorithm
Suppose that unitary transformation denoted by A is given as follows,
where |Ψ 0 and |Ψ 1 are normalized states and p is real. The problem is to find the amplitude p, that the QAE algorithm aims to estimate. Note that one can define θ p that satisfies sin 2 θ p = p.
In the QAE algorithm, two building blocks are the QFT on m qubits,
and an operator from QAA is implemented as follows,
The unitary transformation F † m denotes the inverse QFT. Note that the operator Q is defined in the two-dimensional space spanned by |Ψ 0 and |Ψ 1 . In fact, the eigenvalues of the operator can be found by λ ± = exp[±i2θ p ] and the eigenvectors |Ψ ± = (|Ψ 1 ± i|Ψ 0 )/ √ 2, respectively. In the 13) is performed. Noisy channels that may exist as Λ between the two unitaries are then transformed to depolarization maps. The classical post-processing is applied to each of the three registers. (A) The 3-qubit QAE algorithm is realized in IBMQ yorktown with error mitigation in the three registers. The parameter η = 2% is considered in the classical post-processing. The peak is atp = 0.1464 for p = 0.3. (B) The 3-qubit QAE algorithm is realized in IBMQ yorktown with measurement errors in the first register only. The parameter η = 5% is considered in the classical post-processing. (C) The 3-qubit BV algorithm is realized in IBMQ essex with error mitigation in the three registers. The parameter η = 2% is considered in the classical post-processing. The solution in the algorithm is given as s = 101. (D) The 3-qubit BV algorithm is realized in IBMQ essex with error mitigation in the 1st detector only. The parameter η = 5% is considered in the classical post-processing. All results demonstrate that the proposed scheme of error mitigation can enhance the statistics of measurement outcomes in the IBM Q devices.
QAE algorithm, the operator Q is applied conditioned on m qubits, U Q : |j |y → |j Q j |y . Then, the QAE algorithm can be summarized as follows.
1) Preparation
|0 ⊗m |0 ⊗n A , where A denotes ancilla qubits.
2) Unitary transformations:
i) F m ⊗ A : The measurement reads outcomes z 1 z 2 · · · z m in binary numbers, which are converted to a decimal one z ∈ {0, · · · , 2 m − 1}. This provides an estimator p = sin 2 (zπ/2 m )
an approximation to the amplitude p. It has been shown that the estimator satisfies |p −p| ≤ O(2 −m ) with a probability greater than 8/π 2 . Thus, we have thatp converges to p with a high probability as m tends to be a large number. A quantum circuit for the QAE algorithm with 8 qubits is shown in Fig. 4 . The 8-qubit circuit findsp = 0.2974 for p = 0.3 encoded by A.
APPLICATIONS TO IBM QUANTUM COMPUTERS
The proposed scheme of error mitigation in a quantum measurement is applied to IBM Q devices. The goal is find if the proposed scheme works to mitigate measurement errors in IBM Q devices. Note that measurement errors in IBM quantum devices are within the range 2-10% whereas single-qubit gates are with errors around 0.1%. One may expect the possibility that single-qubit gates in the proposed scheme together with the classical post-processing would be used to mitigate measurement errors.
To make it clear when one can expect the proposed scheme is effective, we briefly summarize the four assumptions addressed when the scheme is devised. From Assumption 1, a measurement on single qubits is complete. In Assumption 2, it is supposed that errors in measurement readout is dominated by noise on a state right before a detector, but not a detector itself. Hence, the quantum preprocessing aims to manipulate a noisy channel on states. Assumption 3 considers that the effect of crosstalk in detection events is much smaller than other errors. Hence, the collective channel-twirl in Eq. (13) can be applied to twirling single-qubit channels. Then, Assumption 4 asserts that noise on qubits right before a detector is well approximated by a Pauli channel. Under the assumptions, it is confirmed by numerical simulation in a Qiskit simulator, that the proposed scheme can mitigate errors in measurement readout.
We have implemented the BV and QAE algorithms with 3 qubits and 1 ancilla qubit in IBM Q devices. The BV algorithm is realized in IBM essex and the QAE algorithm is in IBM yorktown. The circuits are composed by consider the topology of connected qubits in the devices, see Fig. 5 . In both cases, the collective channel-twirl and the classical post-processing are applied to all of the three system qubits. The results in Fig. 5 obtained in Feb. 2020 show that the proposed scheme of error mitigation in measurement readout works to enhance the statistics of measurement outcomes. The statistics is obtained by collecting the data of 8192 shots.
The details of the quantum pre-and classical postprocessing are as follows. The quantum pre-processing is placed as the final step of a quantum circuit or right before detectors. This aims to depolarize a noisy channel that potentially exists in between final gates and detectors. In case no noise exists in between, the channel-twirl corresponds to the identity map, that causes an error up to 0.2% in IBM Q devices due to two single-qubit gates. This is yet much lower than that of measurement errors. In the classical postprocessing shown in Eq. (14), the parameter η Λ is needed while a noisy channel Λ is not identified. From the reported data [15] , we have taken η = 2% or η = 5% in the classical post-processing.
CONCLUDING REMARK
We have presented a method of mitigating errors in measurement readout in quantum algorithms. The scheme is carefully devised by clarifying the assumptions made on a quantum measurement. With Assumption 1, an operational meaning of a measurement on single qubits in quantum algorithms is found as optimal state discrimination. By Assumption 2, it is asserted that noise for measurement errors can be manipulated by the channel-twirl with singlequbit gates only, such that the computational-basis measurement remains for optimal detection. With Assumption 3, the collective channel-twirl is devised to keep the optimality of measurements on single qubits. Under Assumption 4, it is shown that the quantum pre-processing of the channel-twirl with three unitaries only can perform channel twirling for unknown type of noise on single-qubit states.
It is shown that the proposed scheme works to enhance the statistics of the measurement outcomes in quantum algorithms. Numerical simulation with 8-qubit circuits is provided for the BV and the QAE algorithms, which contain QFT and QAA as building blocks. We have then applied the scheme to IBM Q devices to mitigate measurement errors. Improvements in the statistics of measurement outcomes are presented. Our scheme may be used as a microarchitecture of measurement readout with NISQ information processing. We envisage that the scheme can be applied to NISQ devices in practice.
It is worth to mention that the results presented with IBM Q devices does not yet imply that the four assumptions on measurement readout are fulfilled in the devices. In fact, it has been found that crosstalk in multiple detectors is evident [16] . Our results with IBM Q devices have shown that the proposed method of error mitigation may work even when some of the assumptions are relaxed. It is not clear how the enhancement by the scheme and the assumptions are related. In future investigations, it is worth to consider other quantum circuits to analyze the relations between the address assumptions and the performance of the proposed scheme for error mitigation. Or, it may be possible to learn more detailed properties of IBM Q devices such as sources of noise in measurement readout or the effect of crosstalk in multiple detectors. It is also desired to characterize the usefulness of the collective channel-twirl in the presence of crosstalk in multiple detectors. Finally, it is left an open question to find how the hierarchy of computational complexity is ultimately related to enhancement by error mitigation on NISQ devices [44] .
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